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Abstract
The effect of the shape distribution of granular inclusions on the effective non-
linear optical properties of granular metal/dielectric composites is considered.
The study is based on a generalized Maxwell–Garnett type approximation
for the spectral density function of two-component composites in which
the metallic inclusions possess a ‘beta function’ distribution of geometric
shapes. Numerical results show that the spectral density function is increased
(decreased) in the range 0.35 � s′ � 0.5 (0.8 � s′ � 1.0) with increasing
shape distribution parameterα. By invoking the mean-field approximation,
we calculate the optical nonlinearity and find the nonlinearity enhancement
peak is separated from the absorption peak in the range 0.45 � ω/ωp � 0.6,
while a large enhancement of the optical nonlinearity is found in the range
0.8 � ω/ωp � 1.0. Thus by introducing a shape distribution of metallic
particles, we are able to make the figure of merit attractive in this frequency
range. In the dilute limit, the shape distribution leads to an anomalous far-
infrared optical absorption. Moreover, an exact formula for the effective optical
nonlinearity is derived and a sharp nonlinearity enhancement peak is observed
near the resonant frequencyω/ωp ≈ 0.47.

1. Introduction

Nonlinear optical properties of granular composite materials have attracted much interest
in physics and engineering [1, 2]. A typical system for the theoretical and experimental
investigations is composed of metallic particles with nonlinear dielectric response, randomly
embedded in a dielectric host with linear or nonlinear response. Such a composite system
exhibits strong nonlinear optical susceptibility through the local field and geometric resonance
effects [3–7]. We also know that composites of small metallic particles possess anomalous
far-infrared absorption [8]. Both the optical absorption and optical nonlinearity are strongly
dependent on the composite microgeometry [3–7, 9–11].
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In recent works [10, 11], we have investigated the effect of particle shape on the nonlinear
optical susceptibility of metal/dielectric composite media. The results show that both the
magnitude and the position of nonlinearity enhancement can be adjusted by the use of non-
spherical inclusions. Furthermore, the frequency at which the nonlinearity enhancement peak
occurs, is the same as the one for optical absorption peak. This hinders the applicability of
such composites, as for practical applications, the most useful parameter is the figure of merit,
which is proportional to the optical nonlinearity, and inversely proportional to the optical
absorption [12]. In this regard, we can manipulate anisotropic [4, 6] and correlated [13]
microstructures to achieve a large enhancement of optical nonlinearity and a concomitant
suppression of optical absorption.

In the work [11], we derived Maxwell–Garnett type approximations to investigate
the depolarization factor on the effective dielectric response based on the assumption that
all the metallic particles have the same shape and depolarization factor. However, according
to the analysis of the absorption coefficient and conjugate reflectivity in related experiments, it
has been shown that the particles have a shape distribution. In this paper, we study a composite
metal/dielectric system of spheroidal particles with a distribution of particle shape. Bohren and
Huffman [14] suggested that spectra of particles of any complicated form may be approximated
by the average spectra of spheroidal particles. The case of spheroidal particles enables one to
consider a broad spectrum of inclusions from sharp needles to flat discs. We assume here that
the shape distribution has the ‘beta function’ form [15]. Such an assumption is not accidental.
Recently, Zakriet al [16] verified that the ‘beta function’ distribution could lead to the famous
Lichtenecker formulae [17]. Moreover, this form allows us an alternative freedom, i.e., the
distribution parameterα, of adjusting the magnitude of the optical absorption and nonlinearity
enhancement. We directly generalize the Maxwell–Garnett type approximation to investigate
the system in which an assembly of small spheroidal particles have the ‘beta function’ shape
distribution through the spectral representation [18, 19]. In the dilute limit, an expression for
the optical nonlinearity is derived from the definition for the first time.

Our paper is organized as follows. In section 2, we derive the Maxwell–Garnett
approximation by taking the shape distribution into account and the spectral density function
is solved both numerically and analytically for different distribution parameters. With the
spectral function, we study the optical absorption, optical nonlinearity enhancement and the
figure of merit in section 3. In section 4, we investigate the dilute case and derive an analytical
expression for the effective optical nonlinearity. A summary of our results and a discussion is
given in section 5.

2. Maxwell–Garnett type approximation with shape distribution

We firstly consider a nonlinear composite system in which randomly oriented, spheroidal
particles of volume fractionf are embedded in an isotropic dielectric host medium of volume
fraction 1− f. The local constitutiveD–E relation of components is characterized by the
weakly-nonlinear formD = ε

(0)
i E +χ

(3)
i |E|2E, whereε(0)

i andχ
(3)
i are the (scalar) dielectric

constant and the third-order nonlinear optical susceptibility (optical nonlinearity) of theith
component. Throughout the work, the magnitude of the nonlinear termχ

(3)
i |E|2 is assumed

to be weak, i.e., it is smaller than that of the linear partε
(0)
i . The same assumption has

been already made and such cubic nonlinearity is the lowest-order nonlinearity appearing in
a material with inversion symmetry [3–7, 9–11]. The spheroidal particles are described by
two depolarization factorsLz andLxy , which satisfyLz + 2Lxy = 1. In this notion, For
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spherical particles,Lz = Lxy = 1/3, while for needle-like ones,Lz ≈ 0 andLxy ≈ 1/2 and
for platelike onesLxy ≈ 0, Lz ≈ 1.

We apply the electric fieldE0 along thez-axis, and take the principal axis of spheroidal
particles to be oriented at any angleθ to the axis. Since the uniaxial axis of the spheroidal
particles is assumed to be randomly oriented in space, the effective response will still be
isotropic. We calculate the average electric field in the spheroidal inclusions

〈E1〉 = 1

3

[
ε
(0)
2

Lzε
(0)
1 + (1 − Lz)ε

(0)
2

+
2ε

(0)
2

Lxyε
(0)
1 + (1 − Lxy)ε

(0)
2

]
〈EL〉 (1)

where the Lorentz local field〈EL〉 includes the contribution from the dipole moments of
all other inclusions. The expressions for the spatial average of the electric field〈E〉 and
displacement〈D〉 are, respectively,

〈E〉 = E0 = f 〈E1〉 + (1 − f )〈EL〉 (2)

and

〈D〉 = f ε
(0)
1 〈E1〉 + (1 − f )ε

(0)
2 〈EL〉. (3)

According to the definition, the effective linear dielectric functionε
(0)
e is then given as

follows:

ε(0)
e = 〈D〉

〈E〉 = f ε
(0)
1 〈E1〉 + (1 − f )ε

(0)
2 〈EL〉

f 〈E1〉 + (1 − f )〈EL〉 = f ε
(0)
1 β + (1 − f )ε

(0)
2

fβ + 1− f
(4)

where the field factorβ ≡ 〈E1〉/〈EL〉. As mutipole interaction between different polarizations
is explicitly neglected during the derivation, equation (4) is only suitable for not very large
volume fractions [11, 20].

For an assembly of metal particles having different spheroidal shapes, the field factor has
the form

β = 1

3

∫ 
 ε

(0)
2

ε
(0)
2 + Lz

(
ε
(0)
1 − ε

(0)
2

) +
2ε

(0)
2

ε
(0)
2 + Lxy

(
ε
(0)
1 − ε

(0)
2

)

P(Lz) dLz (5)

whereP(Lz) is the shape distribution of the spheroidal particles; in other words,P(Lz) dLz

is the probability for a spheroid to have the depolarization factorLz lying within the interval
(Lz, Lz + dLz). The distribution function must be chosen so as to satisfy

∫ 1
0 P(Lz) dLz = 1.

Here, we make the assumption thatP(Lz) has ‘beta function’ form and is expressed
through the�-function [15, 16],

Pα(Lz) = �(2)

�(1 − α)�(1 +α)
L−α

z (1 − Lz)
α −1 � α � 1 (6)

whereα is the distribution parameter and� is the gamma function. The distribution function
has special properties such asP1(Lz) = δ(Lz), P−1(Lz) = δ(1 − Lz) and P0(Lz) = 1
(corresponding to the uniform distribution). An alternative distribution such as the log-normal
form [21] can be introduced in a similar way.

If α 	= 0, after a tedious calculation, we have

β = 1

3α(1 − r)

[
2α+2

(1 + r)α
− 3 − rα

]
(7)

wherer ≡ ε
(0)
1 /ε

(0)
2 is the dielectric contrast between metal particles and the dielectric host.

Substituting equation (7) into (5) leads to the following equation:

ε
(0)
e

ε
(0)
2

= f [2α+2 − (3 + rα)(1 + r)α ]r + 3(1 − f )α(1 − r)(1 + r)α

f [2α+2 − (3 + rα)(1 + r)α] + 3(1 − f )α(1 − r)(1 + r)α
. (8)
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If α = 0, the field factor is then simplified as

β = 1

3(1 − r)
ln

[(
2

1 + r

)4
/

r

]
. (9)

Similarly, the effective linear dielectric function can be obtained by introducing equation (9)
into equation (5),

ε
(0)
e

ε
(0)
2

=
f r ln

[( 2
1+r

)4
/

r
]

+ 3(1 − r)(1 − f )

f ln
[( 2

1+r

)4
/

r
]

+ 3(1 − r)(1 − f )
. (10)

Next, we adopt the spectral representation [18, 19], which is convenient for two-
component composites, to calculate the effective linear dielectric function and optical
nonlinearity. The key parameter in the spectral representation is the spectral density function
m(s′), which is obtained through the limiting process

m(s′) = lim
η→0+

− 1

π
Im[F(s′ + iη)] (11)

whereF(s) ≡ 1 − ε
(0)
e /ε

(0)
2 = ∫ 1

0 [m(s′)/(s − s′)] ds′ ands ≡ ε
(0)
2 /(ε

(0)
2 − ε

(0)
1 ).

Forα = 1, F (s) has the form from equation (7),

F(s) = F1

s − s1
+

F2

s − s2
(12)

where the poles1 = 0 ands2 = (3 + 2f )/6, while the residuesF1 andF2 are given by

F1 = f

3 − 2f
and F2 = 2(f − f 2)

3 − 2f
. (13)

It is easy to check the sum ruleF1 +F2 = 1. Thus the spectral density function can be written
as a sum of twoδ-functions by using equation (11),

m(s′) = F1δ(s
′ − s1) + F2δ(s

′ − s2). (14)

Forα = −1, we have

F(s) =
2f

3−f

s
+

f (1−f )
3−f

s − 3−f
3

(15)

and

m(s′) = 2f

3 − f
δ(s′) +

f (1 − f )

3 − f
δ

(
s′ − 3 − f

3

)
. (16)

Again the residues satisfy the sum rule.
For the general case−1 < α < 1, the explicit spectral density function may exist [22],

but here we resort to numerical solutions. We calculatem(s′) numerically from equations (8),
(10) and (11) by puttings = s′ + iη and choosing the real part at 1000 equally spaced values
across the interval 0< s′ < 1 andη at a small value such asη = 0.001. The actual value ofη
is indeed unimportant. We find the choice yields acceptable results by numerically checking
the sum rule ∫ 1

0
m(s′) ds′ = f. (17)

In figure 1, we plot the spectral density functionm(s′) for various distribution parameters
α and volume fractionsf. As one can see, the spectrum is continuous froms′ = 0 to s′ = 1,
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Figure 1. The spectral densitym(s′) againsts′ for various volume fractionsf and distribution
parametersα.

instead of two singleδ peaks for the system of spheroidal particles with the same depolarization
factors [11]. Forα → −1 (Lz → 1), more chainlike isolated clusters are formed, leading
to a narrow peak in the middle region 0.35 � s′ � 0.5. Moreover, with increasingα, the
spectrum in this region is increased monotonically, while it is decreased in the large-s′ region
0.8 � s′ � 1.0. As we introduce the shape distribution into consideration, the metallic
nanoparticles can form larger clusters than for the system without shape distribution [11]
even for smallf. This is demonstrated by the fact that there are large spectral values at
small s′. We indicate that the distribution parameterα, determines the microstructure of the
metal components, in its turn, plays an important role in determining the spectral function
and will have a further effect on the optical absorption and nonlinearity enhancement. As far
as the volume fraction is concerned, with increasingf, the position of the spectral maximum
shifts to smalls′, and the magnitude becomes large, in order to satisfy equation (17). We
also numerically calculate the spectra forα = −1 andα = 1 with equation (4), equation (7)
and equation (11). It is found that the behaviour of the curves coincides with that given by
equation (14) and equation (16).

3. Optical absorption, optical nonlinearity and figure of merit

As the spectral density function has been numerically or analytically calculated as a function
of s′ andα, the effective linear dielectric function is represented as

ε(0)
e = ε

(0)
2

[
1 −

∫
m(s′)
s − s′ ds′

]
. (18)
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Other relevant physical parameters such as the averages of the local fields can also be
expressed in terms of the spectral density function,

f 〈E2〉lin,1 =
∫ 1

0
ds′ s2m(s′)

(s − s′)2 E2
0

(1 − f )〈E2〉lin,2 =
[
1 −

∫ 1

0
ds′ (s2 − s′)m(s′)

(s − s′)2

]
E2

0 (19)

and

f 〈|E|2〉lin,1 =
∫ 1

0
ds′ |s|2m(s′)

|s − s′|2 E2
0

(20)

(1 − f )〈|E|2〉lin,2 =
[
1 −

∫ 1

0
ds′ (|s|2 − s′)m(s′)

|s − s′|2
]

E2
0.

As the magnitude of the nonlinear term is usually small, the problem for solving the
effective nonlinear susceptibilityχ(3)

e can be treated in the perturbation sense andχ
(3)
e is then

evaluated from the linear local fields,

χ(3)
e |E0|2E2

0 = f χ
(3)
1 〈|E|2E2〉lin,1 + (1 − f )χ

(3)
2 〈|E|2E2〉lin,2

≈ f χ
(3)
1 〈|E|2〉lin,1〈E2〉lin,1 + (1 − f )χ

(3)
2 〈|E|2〉lin,2〈E2〉lin,2. (21)

Equation (21) can be applicable to weak nonlinearity and the last equality results from
the mean-field approximation, which holds well when the local electric field insides the
components is a constant and becomes rough when the fluctuation of the local field is large.
For strong nonlinear composite media, we refer the reader to [23].

Next we describe the dielectric function of the metal particles and the host medium. We
adopt the Drude model forε(0)

1 ,

ε
(0)
1 = 1 − ω2

p

ω(ω + iγ )
(22)

whereωp is the plasmon frequency andγ is the damping constant. For numerical calculation,

we chooseγ = 0.01ωp, which is typical of a good bulk metal, andε(0)
2 = 1.77, which is

the dielectric constant of water. More recent observations in experiments [24] imply thatχ
(3)
2

of the dielectric matrix is about several orders magnitude(∼107) less thanχ(3)
1 of metallic

particles and the dielectric matrix toχ(3)
e can be negligible. Thus it is reasonable to assume

metallic components to be nonlinear, i.e.,χ
(3)
2 = 0. Here we should mention that equation (21)

can nevertheless be applicable to the composite media in which both metallic and dielectric
components have nonlinear dielectric responses.

In figures 2(a) and (b) the optical absorption spectrum, which is defined as the imaginary
part of the effective linear dielectric function Im(ε(0)

e ), is plotted versus the frequencyω/ωp for
various values ofα. As is evident from the results, the behaviour of optical absorption spectra
is quite similar to that of the spectral density function. Concretely speaking, with increasing
α, they take on a monotonic increase in the middle-frequency region 0.45 � ω/ωp � 0.6, but
a monotonic decrease in the large-frequency region 0.8 � ω/ωp � 1.0. Since the shape of
spheroidal particles has a kind of distribution, the surface plasmon resonance peak predicted
in [11] will broaden, accompanied by a red-shift, resulting in large optical absorption in the
far-infrared region. Asf increases, the maximum of the surface plasmon resonance bands
exhibits a red-shift too. Forα = −1 (orα = 1), this corresponds to the case whereLz takes
only one value, units 1 (or zero). Therefore, the optical absorptions shown in figure 2(b) are
the same as the results in previous work [11].
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Figure 2. The optical absorption Im(ε(0)
e ) against the frequencyω/ωp for various f andα, as

shown in 2(a) and 2(b).
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Figure 3. Similar to figure 2 but for the optical nonlinearity enhancement|χ(3)
e |/χ(3)

1 .
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Next, we examine the effect of the distribution parameterα on the optical nonlinearity
enhancement|χ(3)

e |/χ(3)
1 , as plotted in figures 3(a) and 3(b). The optical nonlinearity

achieves large enhancement in two regions. One is 0.45 � ω/ωp � 0.6 and the other is

0.8 � ω/ωp � 1.0. In the former (latter) region,|χ(3)
e /χ

(3)
1 is increased (decreased) as

α increases. With the increase off, the nonlinearity enhancement band is red-shifted and
becomes broad as the dipole interaction increases. More interestingly, the nonlinearity
enhancement peak can be separated from the absorption one in the middle-frequency region.
This phenomenon is observed for−1 < α < 0 in the case of smallf such asf = 0.1,
and becomes more distinct for largef independent ofα. Due to this, introducing the shape
distribution in this region is beneficial for improving the figure of merit|χ(3)

e |/Im(ε
(0)
e ) (FOM).

In the large-frequency region, we find the nonlinearity enhancement peak coincides with the
optical absorption peak. The coincidence seems to hinder potential applications. However,
the magnitude of the optical absorption is more suppressed than that in other regions, still
resulting in a large figure of merit, especially for smallα.

For practical purposes, the more useful parameter is FOM. In figure 4, we plot FOM
|χ(3)

e |/Im(ε
(0)
e ) as a function of frequency for various values ofα. We can see that FOM

is also greatly enhanced in both regions, in accord with the above analysis of the optical
nonlinearity. More importantly, the magnitude of FOM can be one or two orders larger than
that of previous work [4, 25].

4. Optical nonlinearity in the dilute limit

In section 3, we investigate the optical nonlinearity within the mean-field approximation, As
we know, the approximation becomes exact for spherical particles in the dilute limit. However,
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e ) as a function ofω/ωp in the dilute limit f = 0.01. Figure 5(b) represents

the far-infrared case. The solid circles denote the results for the standard Maxwell–Garnett
approximation.

for randomly oriented spheroidal particles,〈|E|2E2〉lin,i 	= 〈|E|2〉〈E2〉lin,i , the approximation
in equation (21) is rough even in the dilute limit [3]. Here, we derive the formula directly
from the definition.

Whenf → 0, the effective linear response is reduced to

ε(0)
e = ε

(0)
2 + fβ

(
ε
(0)
1 − ε

(0)
2

)
. (23)

The expression for the effective optical nonlinearity can be derived from the first equality
in equation (21) without any knowledge of the spectral density function,

χ(3)
e = f χ

(3)
1

∫ 1

0

[
1

5
β2

z |βz|2 +
2

15

(
β2

z |βxy |2 + |βz|2 β2
xy

)
+

8

15
|βxy |2β2

xy

]
P(Lz) dLz (24)

whereβz = ε
(0)
2 /[ε(0)

2 + Lz(ε
(0)
1 − ε

(0)
2 )] andβxy = ε

(0)
2 /[ε(0)

2 + Lxy(ε
(0)
1 − ε

(0)
2 )].

Figure 5(a) shows Im(ε(0)
e ) as a function ofω/ωp in the dilute limit such asf = 0.01

with equation (23). The results are similar to those in figure 2(a). The optical absorption
in the far-infrared region is shown in figure 5(b). By adjusting the distribution parameter
α, far-infrared absorption about seven orders of magnitude larger than that predicted by the
standard Maxwell–Garnett approximation (MGA) can be achieved [26] (see the curve with
solid circles). The magnitude can be comparable to experimental results [27]. However,
because we take the shape distribution into account, we do not predict the linear dependence
of optical absorption on the frequencyω, which has been observed in the experiment [8] and
predicted by the standard MGA.

Figures 6(a) and 6(b) show the optical nonlinearity enhancement with equation (24) and
the mean-field approximation. Clearly, the mean-field approximation characterizes the exact
results qualitatively. However, as a mean-field approximation, it does underestimate the
optical nonlinearity and can not give a sharp enhancement peak atω/ωp ≈ 0.47, as shown in
figure 6(a).

5. Discussion and conclusions

We have generalized the Maxwell–Garnett type approximation with the ‘beta function’
distribution of shapes for calculating the effective nonlinear optical properties of
metal/dielectric composite materials. Introducing the shape distribution of metallic particles
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the results with the mean-field approximation.

is helpful to understand the anomalous far-infrared absorption, and make the separation of
the optical absorption peak from the nonlinearity enhancement one. Moreover, we present
an extra freedom, the distribution parameterα, which is subject to the experimental control,
of adjusting the magnitude of optical absorption, optical nonlinearity and figure of merit. In
the dilute limit, we derive an exact formula for the effective optical nonlinearity and predict
a sharp enhancement peak near the frequencyω/ωp ≈ 0.47, which is completely neglected
within the mean-field approximation.

Experiments and theories [28, 29] suggest that the particular clustering is responsible
for the enhancement of the far-infrared absorption. Here we consider an assembly of metal
spheroidal particles with a particular distribution function. The surface plasmon resonance
peak predicted with the standard MGA and previous work [11] broadens and is red-shifted. We
have found anomalous absorption in the far-infrared region, but predicted a deviation from the
linear dependence on the frequency. In fact, the anomalous far-infrared absorption mechanism
is very complicated, and many factors such as the particle size, coating and shape contribute to
it. It seems too simple to attribute this phenomenon only to the shape distribution. However,
a shape distribution of small metallic particles may exist under experimental conditions and
this may be a key point to explain the anomalous far-infrared absorption behaviour.

Theoretical investigation [5] of the optical nonlinearity of spherical metal/dielectric
composites predicts at least two orders larger than experimental reports [12]. By considering
the shape distribution, the optical nonlinearity spectrum broadens and the magnitude becomes
small, in contrast to the case without shape distribution [5, 11]. Thus it is possible to reduce
the discrepancy between the theory and experiment through the shape distribution. In order to
compare with experimental results quantitatively, a more realistic distribution function such
as the log-normal form should be introduced. We can further extend the model to the system
in which both metal particles and the dielectric host are nonlinear. In order to observe strong
collective phenomena appearing in the composite media,we should derive the Bruggeman-type
effective medium approximation [30, 31] by taking into account the shape distribution.

We propose another way, i.e., by use of shape distribution to realize the separation of
linear absorption peak and nonlinearity enhancement one. In order to further promote both
the optical nonlinearity and the figure of merit, granular inclusions with a wide distribution
of the shape should be prepared in experiments, and the composites may not be studied at the
same frequency as the one at which the optical absorption achieves a maximum.

When the metal particles have a shape distribution, the correlationor clustering effects will
rise and further affect the optical absorption and optical nonlinearity. The optical nonlinearity
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enhancement via short-range correlations has been investigated with numerical simulations
[13]. The microstructures with long-range correlations are under investigation and will be
discussed elsewhere.
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